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Abstract: Excessive deflections can affect serviceability e.g. by 
causing damage to connecting building components and resulting 
in problems related to drainage in roof slabs. The deflections of a 
reinforced or prestressed concrete structure are subject to change 
over time, among others due to creep and shrinkage of concrete 
and relaxation of the steel used for prestressing. This structural re­
sponse can be predicted as a function of time using calculation 
models available in literature which incorporate methods to account 
for these time-dependent effects. The deflection of prestressed el- 
ements is the result of the application of external loads and the pre­
stressing of the tendons, which are two opposing actions (with re­
spect to deflections). The resulting total deflection of the concrete 
element is very sensitive to small changes to the input variables 
used during design. A design method for deflection control is pro- 
posed which limits the deflection during the lifespan of the elements 
by defining requirements for the prestressing arrangement account­
ing for parameter uncertainty. An example of a prestressed beam is 
given in which the deflection is optimized over its lifetime.
1 Introduction
Structures are generally required to sustain satisfactory ser­
vice in a lifespan of 50 years or more. Excessive deflections 
of a reinforced or prestressed concrete structure can affect 
serviceability e.g. by causing damage to connecting building 
components and drainage related problems in roof slabs. The 
excessive deflections can be avoided by properly accounting 
for time-dependent effects of concrete during the long 
lifespan of the concrete element. The deflections are subject 
to change for a long period of time, due to creep and shrink­
age of concrete and relaxation of the steel used for prestress­
ing. The concrete time-dependent behaviour can be described 
as a function of time using models available in literature to 
account for these time-dependent effects. Several models can 
be found in literature includingyzh Model Code 2010 [1], Eu- 
rocode 2 [2], ACI209 [3] and B4 models [4]. The structural 
response of concrete structures can be predicted using several 
models. The step-by-step method [5] can be used to calculate 
the structural response accurately due to the time-dependant 
behaviour of concrete members using numerical analysis. Al- 
tematively, the simplified AAEM-method [6, 7] can be used 
to approximate the creep behaviour with considerable reduc- 
tion of computational cost.
The deflection of prestressed elements is the result of the ap­
plication of external loads and the prestressing of the tendons, 
which are two opposing actions (with respect to deflections). 
The resulting combined deflection of the concrete element, 
which is defïned by the difference of two large and variable 
quantities, is very sensitive to small changes to the input var­
iables used during design. A design method for deflection 
control is necessary to quantify the deflections of these pre­
stressed elements. In this contribution a methodology is pro- 
posed which limits the deflection during the lifespan of the 
elements by defining additional requirements for the pre­
stressing arrangement accounting for model and parameter 
uncertainty. An example of a prestressed beam is given in 
which the prestressing force and eccentricity are selected ac­
counting for time-dependent deformations.
2 Time-dependent stress and strain in a reinforced 
concrete section
The time-dependent stress and strain in a reinforced concrete 
section is affected by the reinforcement. Am example of a col­
umn subjected to compression is shown in figure 1. The cor- 
responding response of the column is evaluated using both 
the step-by-step (SBS) method [5] using numerical analysis 
and the simplified Age-Adjusted Effective Modulus Method 
(AAEM) [6, 7] using the upper bound and lower bound of the 
aging coëfficiënt x f°r simplicity ranging between 0.4 and 
1.0 [6],
fck = 40 MPa 
RH = 60%
CEM 42.5 N 
Limestone aggregates
Fig. 1 Example of reinforced concrete column subjected to centric axial loading
The presence of non-prestressed steel should not be ignored 
during a time-dependent analysis because it significantly re- 
duces deformations and intemal stress distributions during 
the lifespan of the concrete member. The simplified AAEM- 
method using values of 0.4 and 1.0 of the aging coëfficiënt
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X(.t, t0) in combination with the creep function defined by 
Eurocode 2 provides a lower and uppe2r bound of the strain 
predicted by the step-by-step method. The corresponding de- 
velopment of stresses and shortening of the column due to 
creep as function of time in case of a normal force applied at 
7 days for various considered reinforcement ratios p obtained 
by the AAEM method and the step-by-step method are 
shown in figures 2 and 3.
in which £0 and <r0 is the instantaneous strain and stress re- 
spectively at the centre of gravity of the concrete section yref 
after application of the extemal axial force Ne and bending 
moment Me. k0 and y0 are the curvature de/dy and slope of 
the stress plane do/dy respectively. The instantaneous stiff- 
ness matrix K0 is:
Ko = Ec(t0) ■ Kc + Es ■ Ks
Fig. 2 The shortening of the column calculated using the step-by-step method and 
the MEM method as function of time for various reinforcement ratios
in which Es is the modulus of elasticity of steel and Ec(t0) is 
the modulus of elasticity of concrete at the time of load ap­
plication t0. The matrixes Kc, Ks and Kp are the stiffhess ma- 
trixes about the centre of gravity of the concrete part, steel 
parts and prestressing strands respectively defined as:
Kr
Ac 0 
. 0 /c
in which Ss = 4 • (yref - ys) and Is = As ■ (yre/ - ys)2 
are the static moment and second moment of inertia of all the 
steel parts about the centre of gravity of the concrete part. 
The concrete strain as function of time e(t) due to creep and 
shrinkage effects can be calculated using the age-adjusted ef- 
fective modulus method as [7]:
£(t) = TV27 + (gc(t)
£c(to)
• (■1
EM
+ £Sfir(0
in which <rc(t) is the concrete stress as function of time, 
t0) is the creep coëfficiënt for the period (t — t0) and 
£shr(t) is the shrinkage as function of time. The equation can 
be rewritten to the following expression for the concrete 
stress £Tc(t):
tfc(t) =
gcfa)
1+X<P
(£(t) - £s/lr(t)) + CTc(t0) ■ 0 • Cr ~ i)
i + x4>
By assuming that planes remain plane after deformation and 
considering the actions due to prestress losses this can be re­
written as:
Fig. 3 Concrete stress of the column calculated using the step-by-step method and 
the MEM method as function of time for various reinforcement ratios
3 Derivation of a simplified analytical expression for 
the time-dependent curvature of a prestressed 
concrete section
The instantaneous strain and curvature of a prestressed con­
crete section subjected to loads can be calculated as [6]:
Ne
Me
(Ec{t0) 
\1 + X(p
KC + ESKS )[?J + Kr
/0-Qf-l) r(7()1 Ec(t0) r£ch(t)l
V 1 + x4> Ly<)J l+j$ L o J
K„ Au,pr
The equation can be rearranged separating the effects of 
creep, shrinkage and relaxation to obtain the strain and cur­
vature at time t as:
Kt ' (Eshr T Rrelax "b Rcreep)
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in which -(EsSs) ■ Nt + (EeAc + ESAS) ■ Mt 
(EeIc + ESIS) ■ (EeAc + ESAS)
K,
= ( Ec(t0) \
V1+Z0/
Kc + Es ■ Ks
Lcreep
in which
■ x4>
The contribution due to relaxation Rreiax :
Rrelax = Kr,
^shr-
^rel x-
Ee -
Ec(t0)
1 + 0X
Nt =
f 1 + 0 \
a + cpX'
AVI Mt =
f1+*'
0 Vl + 0J>
Ec(.t0)
1+X(p
Mg + SpA(Tpr
The contribution due to creep Rcreep can be written as:
R,creep
In order to obtain simple analytical expressions for the strain 
and curvature as fünction of time t, the following approxima- 
tion is considered:
in which / is the identity matrix. Therefore:
_ / 1 + 0 \ 
Rcreep ~ \ï+^) ‘
The simplifïcation is justified because the introduced error on 
the result is assumed to be suffïciently small (<5%). The in­
verse of the matrix Kt is:
The presented simple analytical expression to predict the 
stresses and deformations due to load actions, creep, shrink- 
age and prestress losses can be used during the design.
4 Deflection and stress criteria
The concrete stress must not exceed the allowable compres- 
sion or tension stress (Tailm for all load combinations.
I öc (01 ^ ^adm
In service the deflections should be limited in order to protect 
the connecting elements from damage. Satisfying the stress 
and deflection criteria must be achieved to obtain an optimal 
design. The flexural deformability used in design verifica- 
tions is defined by the ratio ^ of the maximum span deflection 
v and the span length L of the concemed element. Indicative 
limit values are given in Table 1.
Table 1 Allowable deflections [8]
(lEc(t0) \■ Kc + Es ■ Ks)+ x<P c s V
Ectto)
1 y£ ; -Ic + Es-Is1 1 + T0 c s s
[ ~ES ■ Ss
~ES ■ Ss
EM
. , Ac + Es-As\1+X<P J
1 V
< - Excessive deformations of any type of structural element
200 L
1 i; 1 Significant deformations acceptable for roofs and without
400 ^ L ^ 200 non-structural walls
1 1 Average deformations allowable except for specific require-
800 ^ L ^ 400 ments
V 1 Small deformations required for specific ftmctional require-
L < 800 ments
in which
“ = (t +e A (E^ A +E . a 'l + X<P C S V U+J0 c+ s SJ 
- (es ■ ssy
The deflection S of a simply supported beam subjected to 
uniformly distributed loading can be calculated using:
L2
48'
^ (.Ksupport 4" 5 • ^-rnidspan)
Note: the contribution of {Es ■ Ss)2 in the expression of a is 
negligible and is omitted in the final expression for the cur­
vature Kt at time t in case of prestressed structural members. 
The curvature Kt can be rewritten as the following analytical 
expression:
in which L is the span of the beam, Ksupport is the curvature 
near the support and KmidsJ>an is the curvature at midspan. A 
schematic example of the deflection of a prestressed beam 
subjected to a prestressing force P at time t0 and subjected to 
a uniformly distributed permanent load causing an additional 
bending moment at midspan M1 at time t0 and an additional
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variable bending moment M2 at time tl is shown in figure 4. 
The prestressing arrangement is determined to control the de- 
flection by nullifying the curvature due to the combined ef­
fect of the prestressing force, the sustained gravity load and 
the service loads in the considered period. It is possible to 
defïne limiting boundaries so that all deflections are in within 
prescribed limits during the entire lifespan of the element.
Fig. 4 Schematic example of the deflection of a prestressed concrete element as 
function of time subjected to the applied loads Mi and Ma.
5 Example: post-tensioned girder
A simply supported post-tensioned girder with a span of 20 
m is used as an example to limit the deflections (see figure 
5). The tendon profile of the girder is parabolic with zero ec- 
centricity at the supports. The eccentricity at midspan e and 
the corresponding prestressing arrangement is designed in or­
der to limit the deflections and remain within specified stress 
limits so that the element remains uncracked. The prestress 
action is transferred at 3 days (t0). A permanent uniformly 
distributed load of 28 kN/m is applied at 3 days and a variable 
uniformly distributed load of 37 kN/m is applied at 60 days 
(ti).
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The considered probabilistic models for the variables in- 
volved in the uncertainty quantification of the investigated 
example based on the recommendations of JCSS [9] are 
shown in Table 2.
Table 2 Probabilistic models for the variables involved in the uncertainty quantifica­
tion of the investigated example
Variable Dist MEAN cov
Concrete
compressive
strength
fc LN 48 MPa 0.06
Youngs mod­
ulus concrete Ec N
Efto) = 25 GPa
E(t,) = 37GPa 0.15
Youngs mod­
ulus Steel Es N 200 GPa 0.02
Bar Area Av N 3160 mm2 0.02
Bar Area Asi N 1500 mm2 0.02
Bar Area AS2 N 1500 mm2 0.02
Youngs mod­
ulus Steel Ep N 195 GPa 0.02
Immediate
prestress
force
p N 4100 kN 0.05
Permanent 
loading ap-
ing dead 
weight)
Variable load 
applied at 60 
days
m2 GUMB 1850 kNm 0.35
Creep coëffi­
ciënt <t> LN
0(^0' ^2) = 2.30
0(ti.t2) = 2.27
0.25
Relaxation of 
the prestress EOpr LN
h<Tpr(.to> h) = 15 MPa 
A<7pr(ti, t2) = 70 MPa 0.25
Shrinkage ^sh LN
£Sh(to. G) = 57 • 10”6 
g.afc.t,) = 205 • IQ-6 0.25
AAEM coëf­
ficiënt X
UNIF
O
O
1 
i
•'3-
Ö
-
Other - DET - -
The deflections and average concrete stress in top and bottom 
fibre due to prestressing P and loads M-l and M2 in case of a 
prestressing force of 4100 kN and eccentricity of 53 cm (de­
sign point) are shown in Table 3.
Table 3 Deflections and concrete stress due to prestressing (P), loads Mi and M2.
mean[5]
[mm]
var[£]
[mm]
^top
[MPa]
^bottom
[MPa]
P(to) -33.1 4.5 -17.4 +5.7
Pfe) -76.1 14.1 -11.7 +3.3
M, (t0) +18.5 3.1 +6.8 -8.8
M, (t2) +48.3 10.1 +4.8 -7.0
M2 (G) +17.3 6.7 +9.4 -12.0
M2(t2) +47.6 19.8 +7.4 -10.2
Eshr (^2) +2.2 0.6 +0.7 +0.2
The uncertainty quantification of the deflections due to the 
Fig. 5 Dimensions of the post-tensioned girder used in this example individual contributions due to shrinkage, prestressing and
applied loads is shown in figure 6.
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Fig 6 Uncertainty quantification of the deflections due to prestressing and loads.
The allowable stresses uacim for this example is considered 
2MPa tensile stress and 20 MPa compressive stress. The al­
lowable deflection S is L/500=40mm. The deflection and 
stress for the load combinations are shown in Table 4.
Table 4 The deflection and stress for the load combinations in case of a prestressing 
force of 4100 kN and eccentricity of 53 cm (design point)
Time Load combination mean[5][mm]
var[5]
[mm]
ai
[MPa]
a2
[MPal
to P+M1 -14.6 3.1 -10.7 -3.0
ti P+Mi+EshT -24.7 6.2 -8.7 -3.3
ti P+M1+M2+£shr -7.4 8.4 0.8 -15.4
too P+Afj+EjAr -25.6 8.4 -6.2 -3.5
tco P+M1+M2+£slir +22.1 19.7 1.1 -13.7
t<X> P+M^+Mi +eshT -8.3 10.3 3.2 -15.6
(*) note: The time of application and duration of the variable load M2 is unknown. 
Therefore, the effect of creep for M2 can be 0 (see delayed load on Figure 4).
0.14
0.12
0.10
co
d 0.08
'o 0.06
0.04
0.02
0.00
Fig. 7 Uncertain deflections at midspan due to the considered load combinations
A sensitivity analysis can be conducted using the probabilis- 
tic models for the variables of the example using Monte-
+ L/500 (limit)
--------- L/500 (limit)
lf : P+^sbr+Ml (to)P+Cshr+Wi (ti)
P+fW+Mi+MZ (t!)
1i : P+£shr+Mi (f2)
P+£S(,r+Mi+M2 (t2)
...... P+£shr+Mi + /W2 (t2)
i+j i
{ \j
f ¥ %h |
; ƒ ƒ \ A
1
-50 0 50 100 150
deflection [mm]
Carlo simulations or Latin hypercube sampling [10-13]. The 
output of each computation F] can be approximated by a lin- 
ear combination of the K input variables 6^ (j = 1..K). The 
sensitivity factors can be obtained by determining the stand- 
ardized regression coefficients b- ffom the regression 
model [14]:
(Xt - Y) ^—iK
,» (0y ^ej)
SY 4“b-i
Dj ■
%
in which ^g. and Y are the sample means and aej and sY are 
the sample Standard deviations. The standardized regression 
coefficients of the input variables on the deflection at time 
of this example are shown in figure 8. The variables Mi and 
M2 have the largest influence on the uncertainty of the de­
flection at time
Fig 8 Standardized regression coefficients of the input variables
The deflections for each load combination are function of the 
eccentricity and the force of the applied prestress. The deflec­
tions for all considered load combinations must not exceed 
the positive and negative predefined deflection limit (e.g. 
+L/500 and -L/500). An upper and lower limit of the pre­
stressing arrangement can be determined for each load com­
bination when considering that the deflection is equal to the 
positive or negative predefmed deflection limit. The uncer­
tainty of the deflection can be taken into account by reducing 
the predefmed deflection limit by a coëfficiënt A in which A 
is e.g. equal to the 95%-fractile value of the predicted deflec­
tion for the considered load case (see Table 4), A = 1.64 • 
var[ö],
The upper limit (Ml line) and the lower limit (dashed line) 
of the prestressing arrangement is shown in figure 9. The up­
per and lower limits defme an acceptable zone for the pre­
stressing arrangement indicated by the hatched area.
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Fig. 9 The acceptable zone for the prestressing arrangement defined by the prede- 
fined defiection limits
Similarly, the concrete stress for each load combination (see 
Table 4) can be determined as fonction of the prestressing 
arrangement. The concrete stress must not exceed (Jadm and 
therefore defines an acceptable zone for the prestressing ar­
rangement defined by the stress conditions (see grey area in 
Error! Reference source not found.). This criterium de­
fines a zone with acceptable prestressing arrangements (see 
hatched area in Error! Reference source not found.). The 
intersection of the zone defined by the defiection limitations 
and the zone defined by the stress limitations covers an ac­
ceptable zone in which both the stress and defiection criteria 
are met. A prestress force and eccentricity of 4100kN and an 
eccentricity at midspan equal to 53cm was selected which lies 
within the overlapped zones.
Fig. 10 Selecting the prestressing force and eccentricity (design) at midspan based 
on the zones considering the stress and defiection limitations.
Conclusions
• The presence of non-prestressed steel should not be ig-
nored during a time-dependent analysis because it sig- 
nificantly reduces deformations and intemal stress dis- 
tributions during the lifespan of the concrete member. 
The simplified AAEM-method using values of 0.4 and 
1.0 of the aging coëfficiënt %(t,t_0) in combination with 
the creep function defined by Eurocode 2 provides a 
lower and uppe2r bound of the strain predicted by the 
step-by-step method.
• An analytical expression is proposed allowing fast and 
accurate estimations of the deflections of prestressed el- 
ements considering creep, shrinkage and relaxation. The 
proposed analytical expression is not yet validated; 
However, the error of the expression compared to a nu- 
merical analysis is expected to be sufficiently small 
(<5%).
• The time of application of the variable load significantly 
influences the defiection as the effect of creep is not neg- 
ligible.
• The uncertainty of the deflections is mainly originating 
from the uncertainty on the applied variable load. The 
Standard deviation on the defiection in the load case 
where all loads are considered was estimated to a value 
of 19.7mm. The uncertainty on the predicted defiection 
for each considered load case can be taken into account 
during design.
• All load combinations should be considered to make sure 
all deformations and stresses are acceptable at any time.
• A prestressing arrangement was selected for the example 
considered which meets the proposed stress and deflec- 
tion criteria resulting in an optimal design of the concrete 
element.
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